Abstract. We investigate the diameter of the polytope arising in the n-city symmetric traveling salesman problem (TSP) and perfect matching polytopes. Grötschel and Padberg [The Traveling Salesman Problem: A Guided Tour of Combinatorial Optimization, Wiley-Intersci. Ser. Discrete Math., E. Lawler et al., eds., John Wiley, Chichester, 1985, pp. 251-305] conjectured that the diameter of the symmetric TSP polytope is 2, independent of n. We constructively show that its diameter is at most 4, for all n ≥ 3. Our result also shows that the diameter of the perfect 2-matching polytope is at most 6, for every n ≥ 3.
1. Introduction. The symmetric traveling salesman problem (TSP) associated with the complete graph K n is the problem of finding a tour having the smallest possible total distance, where a distance is assigned to every edge of K n . The symmetric traveling salesman polytope associated with K n is TSP n = convex hull {x T : T is a tour of K n }, where x T is the incidence vector associated to the edges in T . The polyhedral structure of TSP n has been studied by many. In [2] Grötschel and Padberg conjectured that the diameter of TSP n is 2. Investigations by Sierksma and Tijssen resulted in a series of papers, and the following upper bounds were successively obtained: n − 2, n − ⌊ √ n − 2⌋, and ⌊n/2⌋ (see [7] ). In this paper, a constructive proof is given showing that the diameter of TSP n is at most 4, for every n ≥ 3, and is thus independent of n.
Papadimitriou [5] showed that the problem of determining if two extreme points of TSP n are nonadjacent is NP-complete. Nevertheless, there exists a characterization of neighboring extreme points for the perfect 2-matching polytope that can be exploited to provide a sufficient condition for adjacency on TSP n (see Rispoli [6] ). Padberg and Rao used a similar approach to adjacency on the asymmetric traveling salesman polytope to show that its diameter is 2 (see [4] ). They also determined that the diameter of the perfect matching polytope is 2. Here we give a new proof of this fact. The technique we use will also be employed to obtain the bound for TSP n . An intermediate result is that for every pair of tours having a perfect matching in common, the distance between their corresponding extreme points is at most 2. We also provide the first constant upper bound on the diameter of the perfect 2-matching polytope associated with K n . In particular, we show that its diameter is at most 6.
The outline of this paper is as follows. Basic definitions are given in the next section, along with a discussion of the perfect matching polytope. Next, we obtain the bound for the diameter of TSP n . The paper ends with some concluding remarks and a discussion of the perfect 2-matching polytope.
2. Preliminaries and the perfect matching polytope. The distance between a pair of extreme points of a polytope P is the number of extreme edges in a shortest path linking them. The diameter of P , δ(P ), is the largest of the distances between pairs of extreme points of P . The study of the function δ is motivated by its relationship to edge-following algorithms of linear programming such as the simplex method. For a comprehensive survey see Klee and Kleinschmidt [3] .
For any two sets S and T , let S ∆ T denote the symmetric difference (S ∼ T ) ∪ (T ∼ S) or equivalently (S ∪ T ) ∼ (S ∩ T ). Let K n be the complete undirected graph on nodes N = {1, 2, . . . , n} with edges {{i, j} : i, j ∈ N and i = j}. A subgraph H of K n is called acyclic if there are no cycles in H. Given two subsets of edges H 1 and H 2 , an alternating cycle is a cycle of even length whose edges alternate between H 1 and H 2 . A simple alternating cycle is an alternating cycle whose edges cannot be partitioned into two or more edge-disjoint alternating cycles. A matching is a set of edges in K n such that no two edges have a node in common. For every even n ≥ 2, a perfect matching is a matching of K n consisting of n/2 edges. For every n ≥ 3, a perfect 2-matching is a subgraph of K n consisting of n edges and all nodes of degree 2. A tour T is a subgraph of K n that is a perfect 2-matching and is also a cycle of length n. Notice that for every even n ≥ 4, T can be partitioned into two subgraphs M 1 and M 2 which are both perfect matchings. For every odd n ≥ 3,
where M 1 is a matching with (n − 1)/2 edges, M 2 is a subgraph containg (n + 1)/2 edges, and
Lemma 1. Let n ≥ 4 be even. Let M 1 and M 2 be perfect matchings in K n . Then there exists a perfect matching M in K n such that M 1 ∪ M and M 2 ∪ M are both tours of K n .
Proof. The proof is by induction on n. The case n = 4 can be checked directly. Assume that the statement holds for some even n ≥ 4.
Suppose M 1 and M 2 are perfect matchings of K n+2 . Clearly, there is an edge in K n+2 that is not in M 1 ∪ M 2 , say e = {u, v}. M 1 ∪ {e} contains exactly one connected component with three edges of the form {g, u} ∪ {u, v} ∪ {h, v}, with g = h. Let H 1 be the perfect matching in K n obtained from M 1 by removing nodes u and v and replacing the 3-edge component with edge {g, h}. Obtain H 2 by similarly removing u and v and "contracting" the 3-edge component in M 2 ∪ {e}. By the inductive assumption, there is a perfect matching H in K n such that H 1 ∪ H and H 2 ∪ H are both tours in K n . Now, M = H ∪ {e} satisfies the lemma.
The perfect matching polytope associated with K n , for n even, is P M n = convex hull {x M : M is a perfect matching of K n }, where x M is the incidence vector associated to the edges in M . The perfect matchings in K n are in one-to-one correspondence with the extreme points of P M n . It is well known that if M 1 and M 2 are perfect matchings in K n , then the extreme points corresponding to M 1 and M 2 are neighbors if and only if M 1 ∆ M 2 contains a unique simple alternating cycle (see [1] ). Lemma 1 provides a concise proof of the following theorem; the original proof is in [4] .
Theorem 1 (Padberg and Rao). δ(P M n ) = 2, for every even n ≥ 8, and δ(P M n ) = 1, for n = 4 and 6.
Proof. For every pair of extreme points x M1 and x M2 , Lemma 1 implies the existence of an extreme point x M adjacent to both x M1 and x M2 , hence δ(P M n ) ≤ 2. It is easy to find a pair of extreme points requiring exactly two steps.
The perfect 2-matching polytope associated with K n , for n ≥ 3, is PTM n = convex hull {x M : M is a perfect 2-matching of K n }, where x M is the incidence vector associated with the edges in M . Since every tour in K n is a perfect 2-matching, and a complete nonredundant system of equations and inequalities describing PTM n is known, the perfect 2-matching polytope is helpful in determining facets of TSP n (see [2] for more details). The perfect 2-matchings of K n are in one-to-one correspondence with the extreme points of PTM n , and, likewise, the tours of K n are in one-to-one correspondence with the extreme points of TSP n . Two perfect 2-matchings are called adjacent if their corresponding extreme points are adjacent on PTM n . Similarly, we call tours adjacent if their corresponding extreme points are adjacent on TSP n . A proof of Lemma 2 is provided in [6] , where the "monotonic diameter" of PTM n is obtained.
Lemma 2. If M 1 and M 2 are a pair of perfect 2-matchings in K n , then M 1 and M 2 are adjacent on PTM n if and only if M 1 ∆ M 2 contains a unique simple alternating cycle.
3. The symmetric traveling salesman polytope. Since every tour is a perfect 2-matching, TSP n is contained in PTM n . But what can be said about neighboring extreme points? If two tours are adjacent on TSP n , they may not be adjacent on PTM n . However, if two tours are adjacent on PTM n , then they must necessarily be adjacent on TSP n . By Lemma 2, we know that if T 1 and T 2 are tours and T 1 ∆ T 2 contains a unique simple alternating cycle, then T 1 and T 2 are adjacent on PTM n . This gives the following.
Lemma 3. Let T 1 and T 2 be tours of K n . If T 1 ∆ T 2 contains a unique simple alternating cycle, then T 1 and T 2 are adjacent on TSP n .
The following notation will now be helpful. Given a subgraph H of K n consisting of q disjoint paths ρ 1 , ρ 2 , . . . , ρ q of length one or more, let N (H) denote the subset of nodes consisting of the 2q endpoints of the ρ i . Let P M (H) denote the perfect matching on N (H) induced by H by representing each ρ i in H with an edge e i having the same endpoints as ρ i , for every i = 1, . . . , q. In other words, P M (H) consists of the graph obtained from H by contracting each path ρ i into an edge e i having the same endpoints as ρ i .
Theorem 2. (a) Let n ≥ 4 be even. Then for every pair of tours T 1 and T 2 of K n having a perfect matching in common, the distance between their corresponding extreme points is at most 2 on TSP n .
(b) Let n ≥ 5 be odd. Then for every pair of tours T 1 and T 2 of K n having a matching with (n − 1)/2 edges in common, the distance between their corresponding extreme points is at most 2 on TSP n .
Proof. (a) The case n = 4 may be checked directly, so assume that n ≥ 6. Let T 1 and T 2 be nonadjacent tours of K n satisfying
and T 1 and T 2 are not adjacent, M 2 ∪ M 3 consists of at least two components which are either alternating cycles of length four or more, or single edges in
is a tour of K n and satisfies
which is also a tour of K n . So, by Lemma 3, T 1 and T 3 are adjacent. In addition, by the definition of E, M 3 ∼ E is the same as P M (M 2 ∪ E), and hence
is a simple alternating cycle. Therefore, T 2 and T 3 are adjacent.
(b) The case n = 5 may be checked directly, so assume that n ≥ 7. Let T 1 and T 2 be nonadjacent tours of K n having a matching with (n − 1)/2 edges in common. Without loss of generality, we can assume that
Observe that either (i) the degree of node 1 is 0 or 2 in T 1 ∆ T 2 ; or (ii) the degree of node 1 is 4 in T 1 ∆ T 2 and node 1 is incident to one simple alternating cycle in T 1 ∆ T 2 ; or (iii) the degree of node 1 is 4 in T 1 ∆ T 2 and node 1 is incident to two simple alternating cycles in T 1 ∆ T 2 .
(i) Let f 1 be an edge in M 2 ∩ M 3 incident to node 1, and let f 2 be the other edge in M 3 incident to node 1, which may or may not be in
H is a tour of K n , and T 1 and T 3 are adjacent since
is also a simple alternating cycle, implying that T 1 and T 3 are adjacent.
(ii) Let γ denote the simple alternating cycle containing node 1 in T 1 ∆ T 2 . Let f be any edge in γ ∩ M 3 that is not incident to node 1. Let C 1 , . . . , C q denote the components in M 2 ∪M 3 that do not contain node 1. Let g i be any edge in C i ∩M 3 , for every i = 1, . . . , q. Set G = {f, g 1 , . . . , g q } and E = M 3 ∼ G. Then M 1 ∪ E is acyclic, and M 2 ∪E consists of disjoint alternating paths save that component containing node 1 which consists of γ ∼ {f }. Moreover,
is also a simple alternating cycle. Thus, T 2 and T 3 are adjacent.
(iii) Now, node 1 is incident to exactly two simple alternating cycles in T 1 ∆ T 2 , say, γ 1 and γ 2 . Let f 1 be any edge in γ 1 ∩ M 3 that is not incident to node 1, and let f 2 = {1, k} be the unique edge in γ 2 ∩ M 3 incident to node 1. Let C 1 , . . . , C q denote the components in M 2 ∪ M 3 that do not contain node 1. Let g i be any edge in C i ∩ M 3 , for every i = 1, . . . , q. Set G = {f 1 , f 2 , g 1 , . . . , g q } and E = M 3 ∼ G. Then M 1 ∪ E is acyclic and consists of disjoint alternating paths, where all paths begin and terminate with M 1 edges except for the path having node 1 as an endpoint which begins with an M 3 edge and terminates with an M 1 edge. In addition, M 2 ∪ E consists of disjoint alternating paths save that component containing node 1 which consists of (γ 1 ∪ γ 2 ) ∼ {f 1 , f 2 }.
Set
and T 2 are neighbors or there exists a T 3 obtained by exchanging M 2 and M 3 edges along any one of γ 1 or γ 2 . So we may assume that T 1 ∆ T 2 contains at least three simple alternating cycles, implying that N (M 1 ∪ E) contains at least six nodes, four of which are the endpoints of f 1 and f 2 .
Next we define a procedure to find a subset of edges H linking M 1 ∪ E into a tour of K n and M 2 ∪ E into a subgraph containing a unique alternating cycle. Initially set H 1 = H 1 and H 2 = H 2 . Let {1, v 1 } be the edge in H 1 incident to node 1, and let {v 2 , k} be the edge in H 1 incident to node k. H 1 ∪ H 2 must contain an alternating cycle of length 4 or more passing through node 1. If this cycle has length exactly 4, then set e = {1, v 2 }, place edge {v 1 , k} in H, and contract H 1 and H 2 with respect to {v 1 , k}. Otherwise, the cycle in H 1 ∪ H 2 passing through node 1 has length at least 6, and hence edge {v 1 , v 2 } is not in H 2 . Now set e = {1, k}, place edge {v 1 , v 2 } in H, and contract H 1 and H 2 with respect to {v 1 , v 2 }. Observe that in every case, e is incident to node 1 and, after the contraction, e ∈ H 1 ∩ H 2 . Next, iteratively choose an edge {g, h} that joins two nodes in N (H 1 ∼ {e}) satisfying {g, h} / ∈ H 1 ∪ H 2 . Place {g, h} in H, and contract H 1 and H 2 with respect to {g, h}. This gives new perfect matchings on a smaller subset of nodes denoted by H 1 and H 2 throughout this procedure which is repeated until both H 1 and H 2 contain two edges. Upon completion, H 1 = H 2 = {e, {u, v}}, for some edge {u, v} that represents a unique path in M 2 ∪ E ∪ H, say ρ, having odd length and passing through node 1. Moreover, either the distance on ρ from node 1 to u is odd, or the distance on ρ from 1 to v is odd. In the first case, complete the construction of H by adding to H edge {1, v}, and add either {k, u}, if e = {1, k}, or {u, v 2 }, if e = {1, v 2 }. When the distance on ρ from 1 to v is odd, add to H edge {1, u}, and add either {k, v}, if e = {1, k}, or {v 2 , v} if e = {1, v 2 }. Notice that M 2 ∪ E ∪ H now consists of a single alternating cycle that can be partitioned into two odd cycles meeting only at node 1. Finally, set T 3 = M 1 ∪ E ∪ H. Then T 3 is a tour of K n , and T 3 is adjacent to both T 1 and T 2 since
At this point we remark that δ(TSP n ) ≤ 6, for every even n ≥ 4. For example, suppose that T 1 = M 1 ∪ M 2 and T 2 = M 3 ∪ M 4 are arbitrary tours and each M i is a perfect matching. By Lemma 1, there is a perfect matching M such that M ∪ M 2 and M ∪ M 3 are also tours. Now apply Theorem 2(a) three times to link
Lemma 4. Let n ≥ 8 be even. Let M 1 , M 2 , M 3 , and M 4 be perfect matchings in K n such that M 1 ∪ M 2 and M 3 ∪ M 4 are tours of K n , and neither M 2 ∪ M 3 nor M 2 ∪ M 4 are tours of K n . Then there exists a perfect matching M in K n such that M ∪ M 1 , M ∪ M 3 , and M ∪ M 4 are all tours of K n , and M ∆ M 2 contains a unique alternating cycle.
Proof. Let E be a maximal subset of edges in M 2 ∼ (M 3 ∪ M 4 ) such that both
, contrary to the assumptions. Begin the construction of M by placing every edge in E in M . Set H i = P M (M i ∪ E), for i = 1, 3 and 4, and set H 2 = M 2 ∼ E. Note that every H i is a perfect matching on N (H 1 ). Moreover, H 2 ⊂ (H 3 ∪ H 4 ) . This follows from the fact that if {g, h} ∈ H 2 and is not an edge in H 3 ∪ H 4 , then H k ∪ {g, h}, and hence H k ∪ E ∪ {g, h} is acyclic for k = 3 and 4. This contradicts the maximality of E.
If H 3 = H 4 , then H 2 = H 3 = H 4 . By Lemma 1, there is a perfect matching H on N (H 1 ) such that H 1 ∪ H and H 2 ∪ H are both tours of N (H 1 ). Setting M = E ∪ H gives the result for this case. So assume that H 3 = H 4 and that H 3 ∪ H 4 has at least one cycle of length 4 or more. In addition, H 3 ∪ H 4 must have more than one component. Otherwise,
e., a tour, which is impossible. So we may assume that H 3 ∪ H 4 has at least two components.
Let N 1 ∪ N 2 be a partition of N (H 1 ), such that N 1 contains all of the nodes of one of the components of H 3 ∪ H 4 , and N 2 contains all of the nodes from all of the remaining components of H 3 ∪ H 4 . Since at least one of the components in H 3 ∪ H 4 is a cycle of length 4 or more, we can assume that |N 1 | ≥ 4 and |N 2 | ≥ 2. In addition, H 1 ∪ H 2 a tour of N (H 1 ), and H 2 ⊂ (H 3 ∪ H 4 ) imply that there exists an edge e = {v 1 , v 2 } satisfying v 1 ∈ N 1 , v 2 ∈ N 2 , and e ∈ H 1 . Next we describe a procedure to complete the construction of M . Begin by setting H i = H i , for i = 1, 2, 3 and 4, and N i = N i , for i = 1 and 2. At each iteration throughout this procedure an edge will be selected, placed in M , and all of the H i will be contracted with respect to this edge. We will continue to refer to the four sequences of perfect matchings obtained as H i . Similarly, at every iteration two nodes will be removed from either N 1 or N 2 , and we continue to refer to the two sequences of subsets of nodes as N i . The following step is repeated until it is no longer possible:
Let {g, h} be any edge that is not in H 1 ∪ H 3 ∪ H 4 such that {g, h} joins two nodes in the same N i , and neither g nor h are endpoints of e. Place {g, h} in M , contract all H i with respect to {g, h}, and remove g and h from the appropriate N i . When |N i | ≥ 6, there is always an edge {g, h} available. Suppose that |N i | = q ≥ 6, and consider the complete graph K q . Observe that q must be even, there are at most 3(q/2) − 1 edges linking two nodes within the same N i , and there are at most q − 3 additional edges incident to e in K q . Since K q has q(q − 1)/2 edges, the number of edges available to choose {g, h} from is at least
Therefore, upon completion of the above step either |N 1 | = 4 and there are five edges in H 1 ∪ H 3 ∪ H 4 joining a pair of nodes in N 1 , or |N 1 | = 2. The same is true for N 2 . Thus, H 1 ∪ H 3 ∪ H 4 now has one of the following forms: 
Then the construction of M is completed by placing {{v 1 , v 8 }, {v 3 , v 7 }, {v 2 , v 5 }, {v 4 , v 6 }} in M . There are three other possible combinations for H 3 and H 4 but they are all isomorphic to this case.
(ii) Again we know that v 1 ∈ N 1 , v 2 ∈ N 2 , e ∈ H 1 , and there must be an edge, say {v 3 , v 4 } in H 1 , satisfying v 3 ∈ N 1 and v 4 ∈ N 2 . There must also be an edge {v 5 , v 6 } in H 1 satisfying v 5 and v 6 ∈ N 1 . Notice that {v 2 , v 4 } is an edge in both H 3 and H 4 . Since there must be five edges joining a pair of nodes in N 1 , H 3 and H 4 have exactly one edge in common. So we can assume that
(iii) Again we know that v 1 ∈ N 1 , v 2 ∈ N 2 , e ∈ H 1 , and that there must be an edge, say {v 3 , v 4 } in H 1 , satisfying v 3 ∈ N 1 and v 4 ∈ N 2 . Moreover,
Theorem 3. δ(TSP n ) ≤ 4, for every n ≥ 3. Proof. For 3 ≤ n ≤ 7, the result may be checked directly. Therefore, suppose that n ≥ 8 and let T and T * be nonadjacent tours of K n . We show how to construct a sequence of tours of K n , denoted by T = T 0 , T 1 , T 2 , T 3 , T 4 = T * , such that two successive T i are either identical or adjacent.
Suppose n is even.
If T 0 and T 2 are adjacent, then set T 1 = T 2 ; otherwise, use Theorem 2(a) to obtain T 1 . Obtaining T 3 is similar. Furthermore, the case where any of M 1 ∪ M 4 , M 2 ∪ M 3 , and M 2 ∪ M 4 are tours is similar. So assume that none of these are tours. By Lemma 4, there is a perfect matching M in K n such that M ∪ M 1 and M ∪ M 3 are both tours of K n , and M ∆ M 2 and M ∆ M 4 contain unique simple alternating cycles. Set
, so T 0 and T 1 are adjacent. Similarly, T 3 and T 4 are adjacent. By Theorem 2(a), either T 1 and T 3 are adjacent or there is a tour T 2 adjacent to both T 1 and T 3 .
Suppose n is odd.
Otherwise, M 2 is a matching with (n − 1)/2 edges, so by Theorem 2(b), there is a tour T 1 adjacent to T 0 and T 2 . Moreover, M 3 contains a matching with (n − 1)/2 edges, so the distance between T 2 and T 4 is at most 2 as well. If M 2 ∪ M 3 is not a tour of K n , and M 2 ∪ M 4 is a tour of N ∼ {1}, then let C 1 , . . . , C q denote the components in M 2 ∪M 3 . Since M 2 ∪M 3 contains at least two components, q ≥ 2. Let g i be any edge in C i ∩ M 3 , for every i = 1, . . . , q. Set G = {g 1 , . . . , g q } and set E = M 3 ∼ G. Observe that M 4 ∪ E must be acyclic since it is contained in T 4 . Moreover, P M (M 2 ∪ E) and P M (M 4 ∪ E) are perfect matchings on N (M 2 ∪ E). By Lemma 1, there is a perfect matching H that links both P M (M 2 ∪ E) and P M (M 4 ∪ E) into a tour of N (M 2 ∪ E). Let T 2 = M 2 ∪ E ∪ H. Then T 2 is a tour of K n , and T 0 and T 2 have M 2 in common. By Theorem 2(b), the distance between T 0 and T 2 is at most 2. Set
, so T 2 and T 3 are adjacent. Moreover, T 3 ∆ T 4 = (M 4 ∪ E ∪ H) ∆ (M 3 ∪ M 4 ) = (M 3 ∼ E) ∪ H. Since M 3 ∼ E is the same as P M (M 2 ∪ E), T 3 ∆ T 4 is a simple alternating cycle, and hence T 3 and T 4 are adjacent.
Now we may assume that M 2 ∪ M 3 is not a tour of K n and M 2 ∪ M 4 is not a tour of N ∼ {1}. By contracting the 2-edge component in M 1 and M 3 into a single edge and deleting node 1, it follows from Lemma 4 that there is a perfect matching M on nodes N ∼ {1} such that M ∪ M 1 and M ∪ M 3 are both tours of K n , and M ∆ M 2 and M ∆ M 4 contain unique alternating cycles. Let T 1 = M ∪ M 1 and T 3 = M ∪ M 3 . Then the distance between T 1 and T 3 is at most 2; hence there exists a path of length at most 4 joining T 0 to T 4 .
4. Concluding remarks and the perfect 2-matching polytope. The work described here provides the first upper bound for δ(TSP n ) that is independent of n. A tight lower bound for δ(TSP n ) remains an open question; i.e., does δ(TSP n ) = 2, 3, or 4? Sierksma and Tijssen [7] determined by "brute force" that δ(TSP n ) = 2, for 5 ≤ n ≤ 12. For every n > 12, it is possible to construct tours such that exchanging perfect matchings requires three intermediate steps. Therefore, 4 is the best possible upper bound when simply exchanging perfect matchings.
As for perfect matching polytopes, our technique gives an immediate proof that δ(P M n ) = 2, for every even n ≥ 8. Using the construction given in section 3 of this paper, we can also prove the following constant upper bound for perfect 2-matching polytopes.
Theorem 4. δ(PTM n ) ≤ 6, for every n ≥ 3. Proof. It follows from Lemma 2 and the subtour patching technique (discussed often in [2] ) that every extreme point of PTM n either corresponds to a tour or is adjacent to an extreme point corresponding to a tour. We also know that from the construction given in section 3, every pair of extreme points on PTM n corresponding to a pair of tours may be linked by a path on PTM n of length at most 4. So given any pair of extreme points of PTM n , we first move to extreme points corresponding to a pair of tours, if necessary, then join the tours with a path of length 4 or less. Hence, δ(PTM n ) ≤ 6.
